This paper introduces a numerical technique for solving a class of optimal control problems containing nonlinear dynamical system and functional of state variables. This numerical method consists of two major parts. In the first part, using linear combination property of intervals, we convert the nonlinear dynamical system into an equivalent linear system. And in the second part, which we are dealing with a linear dynamical system, using Legendre expansions for approximating both the state and associated control together with discretizing the constraints over the Chebyshev-Gauss-Lobatto points, the optimal control problem is transformed into a corresponding NLP problem which is diretly solved. The proposed idea is illustrated by several numerical examples.
Introduction
Optimal control theory is widely applied in aerospace, engineering, economics and other areas of science and has received considerable attention of researchers. During the past two decades, enormous effort has been spent on the development of computational methods for generating solutions of optimal control problems [1] [2] [3] [4] [5] [6] [7] [8] . Although many computational methods have been developed and proposed, modification of the existing methods and development of new methods should yet be explored to obtain accurate solutions successfully.
The approaches to numerical solutions of optimal control problems may be divided into two major classes: the indirect methods and the direct methods. The indirect methods are based on the pontryagin maximum principle and require the numerical solution of boundary value problems that result from the necessary conditions of optimal control [9] . For many practical optimization problems, these boundary value problems are quite difficult to solve. In fact, the manner in which pontryagin maximum principle is used differs so significantly from one type of problem to another that no standard solution procedure can be devised. Therefore, one has to devise direct computational algorithms to solve optimal control problems.
Direct optimization methods transcribe the (infinitedimensional) continuous problem to a finite-dimensional nonlinear programming problem (NLP) through some parametrization of the state and/or control variables. In the direct methods, initial guesses have to be provided only for physically intuitive quantities such as the states and possibly controls. However, continuous advances in NLP algorithms and software have made these the methods of choice in many applications [10] .
In this paper, we present a direct approach that based upon linear combination property of intervals and Legendre polynomials approximations together with the Chebyshev-Gauss-Lobatto (CGL) points as the collocation nodes to determine the optimal trajectories of high order nonlinear ( possibly discontinuous ) dynamic systems. The most important reason of CGL points consideration instead of Legendre-Gauss-Lobatto (LGL) points is that CGL's have a closed-form formula, but, LGL's have no analytic forms. Our method consists of two major parts. In the first part, using linear combination property of intervals, we transform nonlinear dynamical system into a corresponding linear system. And in the second part, using general ideas of Razzaghi [11] (i.e., Legendre method for linear systems), and applying the CGL points as collocation nodes for discretizing the latter linear dynamical system and inequality state constraints, the optimal control problem is converted into an NLP problem, which its parameters are the unknown Legendre coefficients. We also apply high-order Gauss--lobatto quadrature rules [6] for approximating the integral involved in the performance index in the discretization procedure. The advantages of recasting the optimal control problem as an NLP are: 1) the proposed method eliminates the requirement of solving a (2PBVP);
2) state and control inequality are easier to handle. Numerical examples are given to demonstrate the applicability of the proposed technique. Moreover, a comparison is made with optimal solutions obtained by the presented approach and a collocation method [12] .
Preliminaries

Properties of the Shifted Legendre Polynomials
The Legendre polynomials which are orthogonal in the interval [−1,1] satisfy the following recurrence relation
x . In order to use these polynomials on the interval   0, h , one can apply the change of variables 2 = 1 t x h  in (2.1.1). Therefore, the shifted Legendre polynomials are constructed as follows
The orthogonal property of shifted Legendre polynomials is given by
A function,   f t , which is absolutely integrable within 0 t h   may be expressed in terms of a shifted Legendre series as
where
If we assume that the derivative of   f t in Equation
the relationship between the coefficients i f in (2.1.4) and i g in (2.1.6) can be obtained as follows [11] 
Further, the product of two shifted Legendre polynomials
Linear Combination Property of Intervals
This property states that every uniform continuous function with a compact and connected domain can be written as a convex linear combination of its maximum and minimum. In other words, if  and  are the maximum and minimum of the uniform continuous function
Problem Statement
Consider the following nonlinear system The problem is to find the optimal control   
In other words
Using linear combination property of intervals, that explained briefly in Section 2,     
For solving the above-mentioned problem one can apply the Legendre polynomials together with Chebyshev-Gauss-Lobatto (CGL) points (as collocation nodes).
In the next section, the state variable   x t and associated control variable   t  are expanded in terms of Legendre polynomials with unknown coefficients. Then, using CGL points as the collocation nodes the latter problem is converted to an NLP problem which its parameters are the unknown coefficients of the state and associated control.
Discretization
A discretization of the interval 
we use the recurrence relation (2.1.7). Using CGL points for discretizing dynamical system (4.6) together with the inequality state constraints (4.7) and boundedness of associated control   t  , the optimal control problem (4.5) -(4.8) is changed into the following NLP problem
Note that the constraints of (5.9) arise from the following relations 
Illustrative Examples
In this section, we conduct two numerical examples to illustrate the effectiveness of the proposed method. We use the method that stated in Sections 4 and 5 to transform the main problems into the equivalent NLP problems, and comparisons of our solutions with a collocation method solutions [12] are presented. All the problems are programmed in MAPLE 12 and run on a PC with 1.8 GHz and 1 GB RAM. In Figures 1 and 2 we plot the optimized state   x t and control   u t for = 11 N . Also, the numerical results compared with the collocation method [12] are listed in Table 1 . From Table 1 . one can see that our method achieves good result with a relatively smaller of nodes than [12] . 
In Figures 3 and 4 we plot the optimized state  
x t and control   u t for = 12 N . Also, the numerical results compared with the collocation method [12] are listed in Table 2 . From Table 2 . we see that the performance index got by our approach are better than those obtained by the method in [12] .
Conclusions
The aim of the present work is the determination of the optimal control and state vectors by a direct method of solution based upon linear combination property of intervals and shifted Legendre series expansions together with the CGL points as collocation nodes respectively. The method is based upon reducing a nonlinear optimal control problem to an NLP. The unity of the weight function of orthogonality for shifted Legendre series and the simplicity of the discretization are merits that make the approach very attractive. Moreover, only a small number of shifted Legendre series is needed to obtain a very satisfactory solution. The given numerical examples supports this claim.
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